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11 Numerické integrovanie

Priklad 1 Vypocitajme hodnotu urcitého integrdlu

2

2
/ez dz
Z2

a) lichobeznikovou metddou pre m = 8,

b) Simpsonovou metédou m = 8.

a) Vypocitame pomocou vztuhu pre lichobeinikovi metddu, kde Sirka podinter-
valu

b—a 2-(-2) 4

h= = =—-=0.5.
m 8 8

A preto

2

2
/ex dz =~
o

;w(ifu@+fwn+fuﬁ+f@9+f@@

+f@d+f@w+f@ﬂ+;-f@@>

0.5- <; P2+ F(—15) 4+ f(=1) + F (—0.5) + £ (0)

+f(0.5)+f(1)+f(1.5)+;~f(2)>

= 0.5 . (; . e(72)2 _|_ e(71'5)2 _|_ 6(71)2 _|_ e(f()'5)2 + e(0)2

1el09)7 7 4 (187 % .e<2>"‘>

= 41.2891.

= 0@ (x) exp(x.*x);

Vv
\4
(
I

0.5%(0.5%f(-2)+sum(f([-1.5:0.5:1.5]1))+0.5%f(2))
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b) Dosadime do vztahu pre Simpsonovo pravidlo

Q

2
/edex g (f(fﬂo)+4'f(xl)+2'f($2)+4'f(903)+2'f($4)

+4-f($5)%2'f($6)*4‘f($7)*f(18))

- Of.(f(_z)+4.f(_1.5)+2.f(_1)+4.f(_o.5)+2-f(0)
+4-f(0-5)+2~f(1)+4-f(1-5)+f(2)>
_ 05 ( (-2 4 4. o157 1 9. o(-D? 1 4. o(=05)% 4 o o(0)?
3 e +4-e +2-e +4-e +2-e
405 g o7 gL o) e<2>2>
= 34.7073.

>> S = 0.5/3%(£(-2)+sum(4*£([-1.5:1:1.5]))+sum(2*£f ([-1:1:1]))+£(2))

Priklad 2 Pomocou lichobeinikovej a Simpsonovej metddy ndjdime priblizni
hodnotu urcitého integrdlu

8
/ Jide,
0

pre pocet uzlovyjch bodov m = 8.
Nagskor si uréime Sirku ekvidistancného kroku, t. j.

b— 8—0 8
= aziz—:]ﬂ

h
m 8 8

Ziskali sme teda siet’ uzlovych bodov

Top T3 Ty T3 Ty Xy Tg Xy Tg
o 1 2 3 4 5 6 7 8
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Uréime odhad integrdlu pomocou zloZeného lichobeznikového pravidla

L = h- (;-f(xo)—I—f(x1)+f($2)+f($3)+f($4)

+f (z5) + f (z6) + f (27) + ;f(iUS))

1

= 1-<2-f(o)+f(1>+f(2)+f(3)+f(4)

+f<5>+f<6>+f(7>+;-f<8>>
= 1~<;~xf0+x/1+\/§+\/§+\/1

1
+\/5+\/6+f7+2~\/§>
= 14.8918.

>> L = 1*%(0.5*sqrt(0)+sum(sqrt(1:1:7))+0.5%sqrt(8))

Pomocou zloZeného Simpsonovho pravidla je odhad urcitého integrdlu dany

w| =

S = '(f(xo)+4'f($1)+2'f(172)+4‘f($3)+2'f(954)

+4'f($5)+2'f($6)+4'f($7)+f(938)>

W =

-(f(0)+4-f(1)+2~f(2)+4~f(3)+2-f(4)

+4-f(5)+2~f(6)+4-f(7)+f(8)>

| =

= . <\f0+4\/1+2\/§+4x/§+2\/1

+4v5 + 2V6 + 4VT + \/§>
—  15.004.

>> S = (1/3)*(sqrt(0)+4*xsum(sqrt(1:2:7) ) +2*xsum(sqrt(2:2:6) ) +sqrt (8))
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Pre porovnanie skutoénd presnd hodnota urcitého integrdlu je

/Sﬁdm = [:fr:;(\/@—0>:2\/2>9

0 2 Jo

2 2
3 24y/2 = 3 16v/2 = 15. 085.

Priklad 3 Vypocitajme hodnotu urcitého integrdlu

™

/ sinzdz

0
a) obdlznikovou metédou pre m = 6,
b) lichobeznikovou metddou pre m = 6,
c) Simpsonovou metédou m = 6.
Najskor si uréime Sirku podintervalu

~b—a 70

T
h T
m 6 6’

a teda uzlovgmi bodmi si hodnoty (siet)

To | T1 | X2 T3 Ty T5 | Te
0 3 2 _ @ [ 3w _ @ | 4dx _ 2r [ 5m (S
6 6 — 3 6 — 2 6 — '3 6 6 —

f(zo) = f(0)=sin?0= (sin0)” = 0> =0,
s 7r T 2 2
sy = r(f) == () = (3) =5
T ™ . V3 ’
f(JJQ) = f(3)281n23=(s1n3)2=<23> Z;
f(zs) = f(z):SiHQg:(sing)Q:(l)zzl,

f(zg) = f<3

f(xs) = f
flze) = f
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a) Obdiznikovym pravidlom odhadneme hodnotu integralu

7T m—1
/sin%dx ~ O= Z h- f(x;)
) i=0
= %-(f(a?o)—i-f(m)+f($2)+f($3)+f($4)+f(935))
S W I
6 4 4 4 4
_ %w = 1. 5708.
>> f = @ (x) sin(x).*sin(x);
>> 0 = pi/6*sum(£(0:pi/6:5%pi/6))

b) Lichobeznikovgm pravidlom odhadneme hodnotu integrélu

™

[sintod ~ L= (; (o) + F@) + fl@a) 4o+ @)+ f(wm))

0

Il
>

;‘f(wo)‘FZf(xi)‘F;'f(xm))

i=1

7N

1 13 3. 1 1
: 20+4+4+1+4+4+20>

7N

m=1.571.

N = oy

>> L = pi/6%(0.5%f(0)+sum(f (pi/6:pi/6:5%pi/6))+0.5xf (pi))

¢) Pomocou Simpsonovho pravidla bude odhad hodnoty integrdlu

/sin%dx ~ Szg- <f(xo)+4~f($1)+2'f(I2)+4'f(933)
0

+2'f(:v4)+4~f($5)+f(=’”6)>

% 1 3 3 1

= 6. 4-2492.244.142.-244.=
3 <0+ 4+ 4+ + 4—|— 4+0
1

>> S = ((pi/6)/3)*(£(0)+sum(4*f (pi/6:2+pi/6:5%pi/6))+sum(2+f (2%pi/6:2+pi/6:4%pi/6))+£ (f
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Pre porovnanie skutoénd hodnota urcitého integrdlu je

s

1—cos2 1 2
/sinzmdx = /7COS Tdr == x— sin x
2 2 0

0

sin 27r 5111 0

N | =

=0

Priklad 4 Vypocitajme hodnotu urcitého integrdlu

3
/2"”dx
]

a) obdlsnikovou metdédou pre m =4,
b) lichobeznikovou metddou pre m = 4,

c) Simpsonovou metédou m = 4.

Najskor si uréime Sirku podintervalu

b—a 3—(-1)
= = :1.
h m 4

Rozdelime si dany interval na podintetervali pomocou uzlovych bodov (siete) a
ndjdeme v nich funkéné hodnoty

i |0 1 2 3 4
z; -1 0 1 2 3

Zi -1_1 — — — —
fla)=2% |27'=1 20=1 21=2 22=4 25=38

a) Obdlznikovym pravidlom dostévame odhad

3 m—1
/dex ~ 0= fla:)-h="h-(f(zo) + f(x1) + f(22) + [(x3))

=0

1 15
1~(2+1+2+4> é?:7.500.

Vv
A\

Hh
]

e (x) 2.7x;
= 1ssum(f(-1:1:2))

\4
A\

o
|
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b) Lichobeznikové pravidlo ndm ddva vysledok odhadu

3
/2$dx
1

Q

m—1
L=h (; o)+ Y Ja)+ 5 f(xm)>

h- (;.f(xo)-l-f(m)+f($2)+f($3)+;'f($4)>

11 1 . 45
1.(.2+1+2+4+2-8)_4—11.2500.

>> L = 1%(0.5%f(-1)+sum(£(0:1:2))+0.5%f (3))

c) Simpsonovym pravidlom dostaneme odhad

3

%
\

3 -1 -2
/dez S = h (f(xo)+4~ flx2iz1) +2- Zf(932i)+f(xm)>

i=1 1=2

“(f(zo) +4- f(w1) +2- f(w2) +4- f(w3) + f(z4))

1
~(2+4-1+2-2+4-4+8> %%:10.8333.

W= wl >

>> 8 = (1/3)*(£f(-1)+4*sum(£(0:2:2) ) +2*xsum(f(1:2:1))+£(3))

Pre porovnanie skutotnd hodnota urcitého integrdilu je

3
oz 13 1 1 1 15
22 dr = — 237271 = — — =] = —— =10.82.
/ v an}_l o ( ) =iz <8 2) g 108

Priklad 5 Vypocitajme minimdlny pocet uzlovyjch bodov lichobeinikovi metddu

na rieSenie integrdlu
1
_ 2
/ e ¥ dz,
0

ak pripustame mazimdlnu chybu e = 0.005 a tento integrdl pomocou tejto metddy
odhadnime.
Pre odhad chyby lichobeznikovej metddy plati

_ (b—a)3
T 12omz

kde My = m[aui] |f" (z)|. Nakolko pre druhi derivdciu
x€E|a,

2

f(z) = (42* —2) e "
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na intervale x € [0, 1] plati

7)) = |(422 —2) | < 2= 0.
A teda pre pozadovani presnost musi platit
(b—a)’
—= M
ST mr
(1-0)°
0.005 —2
T m2
0.005 > 2
' 12 -m?2’
1
0.005
Z fom2
9 1 1 1 1 1000
m- > == e )
6 0.005 6 565 30
1000
> —— =5.7T.
" 30

A teda pre pozadovani presnost must byt pocet uzlovijch bodov minimdlne m = 6.
Vytvorime si siet’ pomocou uzlovych bodov tak, Ze rozdelime pomocou nich
interval [a,b] = [0, 1] na 6 rovnakych podintervalov dizky
b—a 1-0

1
h: = — = —
m 6 6’

o xT
T
0 |3

a hladany odhad bude

ol 8
[SYINE
ool 8

1 n—1
/e*ﬁd:c ~~ L:h'(;-f(fro)-f—z;f(%)"‘;'f(fn))
0 =

- h.(

“f(wo) + f(z1) + f (22) + [ (w3)

N =

+f@n+f@@+;-f@@>
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Priklad 6 Vypocitajme minimdlny pocet uzloviych bodov Simpsonovou metddu
na riesenie integrdalu
1
/ —* dex,
0

ak pripustame mazimdlnu chybu € = 0.001 a tento integrdl pomocou tejto metddy

odhadnime.
Pre odhad chyby Simpsonovej metédy plati
(b—a)
= M
TT90 mt Y
kde My = ma)i |f(4) ‘ Nakolko pre druhi derivdciu
z€[a

f@ (z) = (162* — 4827 +12) - e~

na intervale x € [0,1] plati

£ (@)] = | (160" — 4802 +12) -~ | <12 = My,
A teda pre pozadovani presnost musi platit
b—a)’
° - (90 ~ m)45 +
0.001 > (;0_.7?34 212,
0.001 > ﬁ 12,
1
m* > 90 o00r | 12 = 183.33,

m > v66.667 =3.3981.
A teda najblizsie parne celé ¢islo je m = 4 a pre Sirku podintervalu
b—a 1-0 1

h: = — = —
m 4 4’
siet’
xo | T1 X9 xs3 Ty
T A ;- T _—
0 7=025 ]| £=35=05|59=07]7=1

Odhad Simpsomnovou metédou je
1

m—1 m—2
/e_mgdx ~ S= g . (f(xo) +4- Z flwoi—1) +2- Z f(z2i) "‘f(xm))

0 i=1 i=2
(o)t 4 f ) £ 2 () + 4 ] (23) + f()
= é, . (6_02 + 4e_(i)2 + Qe_(%)Z + 46_(%)2 + e_lz)
= 0.747.
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Priklad 7 Pomocou Gaussovo-Legendreovej kvadratiry pre n =5 odhadnime

3
/ln zdz.
1

Interval ortogonality Lagendreovyich polynémov je [—1,1] substiticiou © = t +
2 ho zmenime na poZadovany [1,3]. Korene Legendreového polynému piateho
stupna
= 6395 Eacg 1—556
8 8 8"

s
>> a = roots([63/8,0,-70/8,0,15/8,0])

a; = —0.90618,a9 = —0.53847,a3 = 0,a4 = 0.53847, a5 = 0.906 18.

Hodnoty koeficientov vypocitame podl’a vzt’ahu
o 2 (1 — a?)
= 2
n? (Pn-1(a;))
kde dosddzame do Legendreovho polynému 4. stupna

_ 354 30, 3

Py () 83: Sx 4—87

teda

>> for i = 1:1:5
A(i) = 2x(1-a(i)*a(i))/(5x5x(35/8*a(i)~4-30/8*a(i) "2+3/8)"2)
end

2 (1 — (—0.906 18)2)
A = = 0.23692,
52 (32 (~0.90618)" — %2 (~0.90618)° + 2)

2 (1 —(~0.538 47)2)
Ay = = 0.47863,
52 (32 (~0.53847)" — 82 (~0.53847)° + 2)

2(1-0?
Ay = —— 4( 30)2 32:%:0.56889,
52 (%00 =F-02+3)

8
2 (1-0.53847>
Ay = ( ) 5 = 0.478 63,
52 (22.0.538474 — 3. 0.538472 + 2)

8
2 (1 - 0.906 182
A5 = ( ) 5 = 0.23692.

52 (22.0.906 18* — 29.0.906 182 + )

Pre vyslednij odhad bude preto platit’

10
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>> sum(A(1:1:5)*log(a(1:1:5)+2))

3 5
/lnxdx ~ ZA]-~f(aj+2)
1

j=1

= 0.23692-1n(—0.906 18 + 2) + 0.478 63 - In (—0.538 47 + 2)
+0.56889 - In (0 + 2) + 0.478 63 - In (0.538 47 + 2)
10.23692 - In (0.906 18 + 2)

= 1.2958.

Priklad 8 Pomocou Gaussovej-Legendreovej kvadratiry so styrmi uzlovgmi bodmi
ndjdime pribliznid hodnotu integrdlu

1
_ 2
/exdx.
21

Legendrov polynom 4. rddu

35 30 3
P4(IE): §$4—§$2+§

md $tyri korene

>> a = roots([35/8,0,-30/8,0,3/8])

a1 = —0.861136,
az = —0.339981,
az = 0.339981,
as = 0.861136.

Koeficienty vypocitame metédou neurcitych koeficientov, kedy pre k = 0,1,2,3
riesime sustavu

1
ZA]- cah = /v(az) -z,
1

j=1

11



Numerické integrovanie Mgr. Pavol ORSANSKY, PhD.

kde vahovd funkcia pre Lagendreove polyndmy je v (x) = 1, CiZe

A+ A+ A3+ A =

—0.861136A; — 0.339981A45 + 0.339981A45 + 0.861136A44 =

(—0.861136)° Ay + (—0.339981)% Ay + (0.339981)% A3 + (0.861136)> A, =

(—0.861136)° Ay + (—0.339981)% A, + (0.339981)" As + (0.861136)° A, =

Lo Ll L

v maticovom zapise

1 1 1 1 A, 2
—0.861136  —0.339981  0.339981  0.861136 A, 0
(—0.861136)> (—0.339981)° (0.339981)* (0.861136)° A |7 2
(—0.861136)° (—0.339981)° (0.339981)° (0.861136)° Ay 0

ktorej rieSenim

> A = [1,1,1,1;a(1),a(2),a(3),a(4);a(1)"2,a(2)"2,a(3)"2,a(4)"2;a(1)"3,a(2)"3,a(3)"3,a(4) "3

Ay 0.347 86
. Ay | | 0.65214 e . .
je vektor A | = | 065214 | Pre odhad neur¢itého integrdlu preto plati
Ay 0.347 86

>> f = 0@ (x) exp(-x.*x);
>> sum(A(1:1:4) .%f(a(1:1:4)))

1
/e*z’-’dx ~ Ar-f(a)+Ay- f(ag) + As- f(as)+ Ay - f(aq)
1
= 0.34786 - e~ (FO861136)° 4 () 65014 . ¢~ (-0-330981)
10.65214 - ¢~ (0-339981) 4 (j 347 g6 . o= (0-861136)”
= 1.4933.
Priklad 9 Pomocou Gaussovej-Laguerreovej kvadratiry s troma uzlovymi bodmyi
ndjdime priblizni hodnotu integrdlu

/ e *cosxdz.

0

12
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Laguerov polyndm tretieho stupna
1 3 2
L (z) = 8 (—2® + 92% — 18z + 6)

md tri korene

>> a = roots([-1/6 9/6 -18/6 1])

a1 = 0.4158,
as = 2.2043,
as 6.2899.

Koeficienty Ay, As, A3 vypocitame metddou neurcitijch koeficientov, a to rieSenim

sustavy

A+ As + A

A1 - 04158 + Ay - 2.2943 + A3 - 6.2899

Ay - (0.4158)% 4 Ay - (2.2943) + Aj - (6.2899)°

Riesenim sustavy je trojica hodnot

/ e dx = [fe*“’]l_l
0

/ ze dr = [—e " (x4 1)] 171 =1,
0

-

[—e™® (z° +22 + 2)]171 =2

L,

z2e %dx

>> A =11 1;a(1) a(2) a(3);a1)"2 a(2)"2 a(3)"2]\I[1;1;2]

Ay = 0.7111,
Pre hladany odhad plati

Ay = 0.2785,

>> sum(A(1:1:3) .*cos(a(1:1:3)))

(oo}

/ e *cosxdx

0

Ay - fa1) + Az - f(a2) + Az - f (a3)

0.476 5.

As = 0.0104.

0.7111 - cos (0.4158) + 0.2785 - cos (2.2943) + 0.0104 - cos (6.2899)

13



