Numerické riesenie ODR, Mgr. Pavol ORSANSKY, PhD.

12 Numerické riesenie ODR - Cauchyho pocia-
to¢na uloha
Priklad 1 Riesme Cauchyho pociatoéni tilohu

2
/_555 -y
T erty

)

s pociatocnou podmienkou
y(0)=1,
s krokom h = 0.2 na intervale [0,1]:
a) Eulerovou metddou (metéda Rungeho-Kutta 1. rddu),

b) modifikovanou Eulerovou metddou (metdda Rungeho-Kutta 2. rddu),

c) metdédou Rungeho-Kutta 4. rddu.

2
a) Prexg=0,yo=1, h=0.2a F(z,y) = S —Yi vypoéitame podla vztahu

eTity;
527 — i
Yir1 = yi +h- F (2:,9) :yi+0-2'W>
prei=0,1,2,3,4. Vysledky zapiseme do tabulky

i |o 1 2 3 4 5

x; || 0.0000 0.2000 0.4000 0.6000 0.8000 1.0000

y; || 1.0000 0.9264 0.8793 0.8749 0.9172 0.9992
h =0.2;
x = 0:h:1;
F =0 (x,y) (5*x*x-y)/exp(x+y);
y(1)=1;
for i = 1:5
y(i+1) = y(i) + h*F(x(1),y(i))
end
figure

plot(x,y,’b’)

Priklad 2

b) PouZijeme prvi modifikovani Eulerovu metddu

ki = F(zi,yi),
/€2 = F(wi+1h,yi+1h~k1),
2 2
Yirlr = Yi+h-ka.
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prei=0,1,2,3,4. Vysledky zapiseme do tabulky

i 0 1 2 3 4 5

z; || 0.0000 0.2000 0.4000 0.6000 0.8000 1.0000
ki || —0.3679 —0.2364 —0.0295 0.1899 0.3720

ko || —0.3154 —0.1377 0.0842 0.2904  0.4433

y; || 1.0000 0.9369 0.9094 0.9262 0.9843 1.0730
h =0.2;
x = 0:h:1;
F =0 (x,y) (bxx*x-y)/exp(x+y);
y(1)=1;
for i = 1:5

k1l = F(x(1),y())

k2 = F(x(i)+0.5%h,y(i)+0.5%h*k1)

y(i+1) = y(i) + hxk2
end
figure
plot(x,y,’b’)

a pouZzitim druhej modifikovanej Eulerovej metddy
ki = F(xi,y),
kg = F(xz+h7yl+hk1),
Yit1 i + %h' (k1 + ko).
prei=0,1,2,3,4. Vysledky zapiseme do tabulky

i 0 1 2 3 4 5

z; || 0.0000 0.2000 0.4000 0.6000 0.8000 1.0000
ki1 || —0.3679 —0.2366 —0.0305 0.1883 0.3705

ko || —0.2355 —0.0254 0.1977 0.3810 0.5014

y; || 1.0000 0.9397 0.9135 0.9302 0.9871 1.0743
h =0.2;

x = 0:h:1;

F =0 (x,y) (5xx*x-y)/exp(x+y);

y(1)=1;

for i = 1:5

k1 = F(x(1),y(1))

k2 = F(x(i)+h,y(i)+h*k1)

y(i+1) = y(i) + 0.5%h*(k1+k2),

end

figure

plot(x,y,’b’)



Numerické riesenie ODR

Mgr. Pavol ORSANSKY, PhD.

c) Vztah pre metédu Rungeho-Kutta 4. radu je
F(zi,9i)
1 1
Fa+hy+shk),
(:E + 5 Yi + 5 1)

kq

ko

k3
ky

Yi+1

1
F<ﬂ?i+h7yi+2h~k2

1
2

F(ml+h7yz+hk3)a

).

1
y¢+6h-(k1+2k2+2k3+k4),

prei=0,1,2,3,4. Vysledky zapiseme do tabulky

i 0 1 2 3 4 5
z; || 0.0000 0.2000 0.4000 0.6000 0.8000 1.0000
ki || —0.3679 —0.2365 —0.0298 0.1897 0.3723
ko || —0.3154 —0.1378 0.0838 0.2902 0.4436
ks || —0.3155 —0.1394 0.0801 0.2853 0.4394
ky || —0.2364 —0.0297 0.1898 0.3723  0.4949
y; || 1.0000 0.9378 0.9104 0.9267 0.9838 1.0716
h=0.2;
x = 0:h:1;
F =0 (x,y) (b*x*x-y)/exp(x+y);
y(1)=1;
for i = 1:5
k1l = F(x(1),y(1))
k2 = F(x(1)+0.5%h,y(i)+0.5%hxk1)
k3 = F(x(i)+0.5%h,y(i)+0.5%h*k2)

k4 = F(x(i)+h,y(i)+h*k3)

y(i+1) = y(i) + (L/6)*(k1+2xk2+2*k3+k4)

end
figure
plot(x,y,’b’)

Priklad 3 Metédou Rungeho-Kutta 4. rddu riesme sistavu

xT

/

!
z

Y,
—x — 2 +1,

—m—et—i—l,

s krokom h = 0.1 na intervale t € [0,1] s pociatotnymi podmienkams

0) = 1
0) =0,
0) =
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Zrejme mdme

Fl (t7m7y7 Z) = y7
Fy(t,z,y,2) = —x—2"+1,
Fg(t,l’,y,Z) = —x—et—i—l,

a teda pre priblizné rieSenie metddy Rungeho-Kutta 4. rddu bude platit

ky = Fi(ti,®i v %) = ¥,
ll = F2 (ti,xi,yi,zi) = —T; — 2eti + ].7
mi = Fy(ti, @i,y 2) = —z; — e 41,
h h h h
ky = I <ti+27xi+2klvyi+21hfzi+2m1>7
h h h
lo = B (fi+27$¢+2k1,yi+211,zi+2m1>a
h h h h
mg = I3 <ti+2axi+2klvyi+2llazi+2m1)7
h h h h
ks = I (ti+27$¢+2k2,yi+212,2i+2m2>7
h h h h
ls = F <ti+2,$i+2/€27yi+252,zi+2m2) )
h h h h
m3 = I3 (ti+2a$i+2k2ayi+2l2azi+2m2> )
ks = Fi(ti+hzi+h-ks,yi +h-l3, 2z +h-m3),
ls. = Fo(ti+hzi+h-ks,yi+h-lg,z+h-mg),
my = F5@;+hzi+h-ks,yi+h-l3,z+h-ms),
1
Tig1 = X+ éh- (k1 + 2kg + 2k3 + ka)
1
y1',+1 = yl + éh . (ll + 2[2 + 213 + 14),
1
Zi+1 =  Z + éh . (m1 + ng + 2m3 + m4) .
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Riesenie zapiseme do tabulky

t T Yi Zi
0.0000 | 1.0000 0.0000 1.0000
0.1000 | 0.9897 —0.2100 0.8952
0.2000 | 0.9573 —0.4400 0.7814
0.3000 | 0.9010 —0.6900 0.6598
0.4000 | 0.8187 —0.9602 0.5316
0.5000 | 0.7083 —1.2506 0.3982
0.6000 | 0.5679 —1.5614 0.2607
0.7000 | 0.3953 —1.8931 0.1206
0.8000 | 0.1885 —2.2462 —0.0206
0.9000 | —0.0547 —-2.6213 -—-0.1617
1.0000 | —0.3365 —3.0194 —0.3012

F =0 (t,x) [x(2);-x(1)-2%exp(t)+1;-x(1)-exp(t)+1];
x=[1;0;1];t=[0:0.1:1]"
for i=1:1:10
k1=F(t (1) ,x)
k2=F(t(i)+0.5%0.1,x+0.5%0.1xk1)
k3=F(t(i)+0.5*%0.1,x+0.5%0.1xk2)
k4=F(t(i)+0.1,x+0.1%k3)
x=x+0. 1% (k1+2%k2+2%k3+k4) /6
end
Alebo s vzkreslenim
F=20 (t,x) [x(2);-x(1)-2xexp(t)+1;-x(1)-exp(t)+1];x=[1;0;1];t=0:0.1:1;
for i=1:1:10
k1=F(t(1),x(:,1))
k2=F(t(i)+0.5%0.1,x(:,1)+0.5%0.1xk1)
k3=F(t(i)+0.5%0.1,x(:,1)+0.5%0.1xk2)
k4=F(t(i)+0.1,x(:,1)+0.1%k3)
x(:,i+1)=x(:,1)+0.1*%(k1+2xk2+2%k3+k4) /6
end
plot(t,x(1,:),’r’,t,x(2,:),’g’,t,x(3,:),’b?)
Priklad 4 Riesme Cauchyho pociatoéni tilohu urcend diferencidlnou rovnicou
2x

Y +2y = ate

s pociatotnou podmienkou

s krokom h = 0.2 na intervale [0,1]:

a) FEulerovou metddou (metéda Rungeho-Kutta 1. rddu),

b) modifikovanou Eulerovou metddou (metéda Rungeho-Kutta 2. rddu),



Numerické riesenie ODR, Mgr. Pavol ORSANSKY, PhD.

c) metédou Rungeho-Kutta 4. rdadu.
a) Urcujicou funkciou pre zadand Cauchyho potiatotni wlohu je zrejme
y =F(x,y) = 2y + 32",
Vztah pre Eulerovu metddu je
Yisr = Yi b F(zi,9:) = yi + 0.2+ (—2y; + xfe "),

a pre siet’ uzlovych bodov x; = {0,0.2,0.4,0.6,0.8,1} wvypolitané odhady
riesenia zapiseme do tabulky

i |0 1 2 3 4 5
z; [ 0.0 0.2 0.4 0.6 0.8 1.0
yi || 1.0000 0.6000 0.3611 0.2224 0.1464 0.1085

b) Prud modifikovand Eulerova metdda je uréend vztahom

ki = F(xi,y),
2 2
Yit1 = Yith-ks

a priebezbné ako aj celkové vysledky opdt zapiseme do tabulky

1.0000 0.6802 0.4653 0.3244 0.2349 0.1797

i |0 1 2 3 4 5
z; || 0.0 0.2 0.4 0.6 0.8 1.0
ki || —2 —1.3550 —0.9018 —0.5838 —0.3665

ky | 1.5992 —1.0745 —0.7042 —0.4475 —0.2760

a druhd modifikovand Eulerova metdda je urcend vztahom

kl = F(miayi)v
k2 = F(£Z+h7yz+hk1)a
1
Yir1 = Yi+ §h (k1 + k2)

a opdt vysledky zapiseme do tabulky

i |0 1 2 3 4 5
k|| —2.0000 —1.3557 —0.9032 —0.5851 —0.3672

—1.1946 —0.7900 —0.5056 —0.3128 —0.1884

z; || 0.0 0.2 0.4 0.6 0.8 1.0
1.0000 0.6805 0.4660 0.3251 0.2353 0.1797



Numerické riesenie ODR

Mgr. Pavol ORSANSKY, PhD.

c) Metéda Rungeho-Kutta 4. rddu

kl = F (‘ria yl) )
1 1
ke = F <$Z+2h7yz+2hk1)
ks = Flx;+ 1h i + 1h k
3 - Zq 2 y Yi 2 2
ky = F(x;+h,y;+h-k3),
1
Yi+1 = Yi+ gh . (kl + 2ko + 2k3 + k4) .
vysledky si v tabulke

) 0 1 2 3 4 5
z; || 0.0 0.2 0.4 0.6 0.8 1.0
ki1 || —2.0000 —1.3360 —0.8759 —0.5571 —0.3420
ko || —1.5992 —1.0593 —0.6835 —0.4261 —0.2564
ks || —1.6793 —1.1147 -0.7219 —0.4523 —0.2735
ks || —1.3229 —0.8667 —0.5508 —0.3378 —0.2006
y; || 1.0000 0.6707 0.4523 0.3111 0.2227 0.1693

Priklad 5 Metédou Rungeho-Kutta 1.rdidu riesme
y'=(1-9")-¢ ~v

s pociatotnymi podmienkams

y' (0)

s krokom h = 0.1 na intervale [0,0.5].
Diferencidlnu rovnicu druhého radu si transformujeme na siustavu
diferencidlnych rovnic prvého radu

dvoch

Y
Ys

Y2,
(1—97) - y2— w1,

s pociatotnymi podmienkamsi

1 (0)
2 (0)

o N

a pre funkcie

Fl (xaylva)
F2 (:E7y17y2)

Y2,
(1—9y1) -y2— 1,
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dostdvame vysledky, ktoré zapiseme do tabulky

i | o 1 2 3 4 5

T; 0.0 0.1 0.2 0.3 0.4 0.5

Y1, || 2.0000 2.0000 1.9800 1.9460 1.9021 1.8510
y2, || 0.0000 —0.2000 —0.3400 —0.4387 —0.5110 —0.5675
F=0 (x,y) [y(2;@-y()*y(1))*xy(2)-y(1)];

y=[2;0];

x=0:0.1:0.5

for i=1:1:5

y=y+0.1*F(x(i),y)

end

Ak by sme predosly priklad riesili metédou Runge-Kutta 4. rddu, dostdvame

] 0 1 2 3 4 5
T 0.0 0.1 0.2 0.3 0.4 0.5
k1, || 0.0000 —0.1726 —0.3007 —0.3974 —0.4728

ko, || —0.1000 —0.2466 —0.3559 —0.4397 —0.5066
ks, || —0.0850 —0.2356 —0.3483 —0.4346 —0.5033
kg, || —0.1742 —0.3018 —0.3981 —0.4733 —0.5348
ki, || —2.0000 —1.4793 —1.1043 —0.8462 —0.6753
ko, || —1.7000 —1.2599 —0.9518 —0.7443 —0.6100
ks, || —1.7417 —1.2918 —-0.9742 —-0.7593 —0.6195
kg, || —1.4749 —1.1010 —0.8440 —0.6739 —0.5663

Y1, || 2.0000 1.9909 1.9669 1.9318 1.8882 1.8377

Yo, || 0.0000  —0.1726 —0.3007 —0.3974 —0.4728 —0.5345
h =0.1;x = 0:h:0.5;y = [2;0];
F=0 (x,y) [y2);A-y(W*y(L))*y(2)-y(1];
A = [x(1);0;0;0;0;0;0;0;0;y(1,1);y(2,1)];
for i=1:5
k1 = F(x(1),y(:,1));
k2 = F(x(i)+0.5%h,y(:,1i)+0.5%hx*k1) ;
k3 = F(x(i)+0.5%h,y(:,1)+0.5%h*k2) ;
k4 = F(x(i)+h,y(:,1i)+h*k3);
y(:,i+1) = y(:,1i)+h*x(k1+2%k2+2xk3+k4) /6;
AC:,i+1) = [x(1);k1(1);k2(1);k3(1);k4(1);
k1(2);k2(2);k3(2);k4(2);y(1,i+1);y(2,i+1)];
end
A

Priklad 6 Metddou Rungeho-Kutta 4. rddu riesme

y' +y — 6y =0,
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s pociatotnymi podmienkamsi

y(0) = 3,
y(0) = 1,

s krokom h = 0.1 na intervale [0,0.5].
Zadani dif. rovnicu 2. radu

y' = —y + 6y,

transformujeme na sistavu dif. rovnic prvého radu

o= Y
Yo = —y2+6y1,
a teda pre dve rovnice
vy = F(z,y1,92) =¥,
y» = G(2,91,92) = —y2 + 6y,
s pociatotnymi podmienkamsi
y1(0) = 3,
y2(0) = 1,

riesime metddou Rungeho-Kutta 4. rddu, t. j.

kl - F(xi7y1iay2i)a
ll = G(xi7y1i7y2i)3
h h h
= F 7 ) i PRAZE] ; Y ’
ko (Jf t3 y11+2k1 y21+2l1>
h h h
12 — G(xz+27y11+2k17y21+211> )
h h h
= F 7 PRE2Y o V25 92; ’ ’
ks (l‘ t3 y1L+2k2 3/2L+212>
h h h
13 == G(xz+2,y11+2/€2,y21+212> )
ki = F(x;+h,y1, + hks,y2, + hl3),
ly = G(x;+h,y1, + hks,ys, + hls),
1
Yiipr = Y1t ~h- (kl + 2ka + 2ks + k4) ’

6
1
Y200 = Y2, + 6h “(l 42l + 203 + ).



Numerické riesenie ODR, Mgr. Pavol ORSANSKY, PhD.

Vysledky zapiseme do tabulky

i |o 1 2 3 4 5

z; | 0.0 0.1 0.2 0.3 0.4 0.5

y1, || 3.0000 3.1836 3.5325 4.0508 4.7523 5.6597
y2, || 1.0000 2.6631 4.3208 6.0686 7.9984 10.2035

Priklad 7 Riesme Cauchyho pociatotni tlohu urcend diferencidlnou rovnicou
y=y—t+1,

s pociatotnou podmienkou

s krokom h = 0.5 na intervale [0, 2]:

a) Fulerovou metédou (metdda Rungeho-Kutta 1. radu),

b) metddou Rungeho-Kutta 4. rddu.

a) Pre zadant interval [0,2] a krok vytvorime siet uzlovgch bodov

t; = {0.0,0.5,1.0, 1.5, 2.0},
prei=0,1,2,3,4. Fulerova metdda je urcend vztahom
Yir1 =Yi+h-F(ti,y) =y +05- (yi —t; +1).

Vysledky zapiseme do tabulky

i ||o 1 2 3 4
t; || 0.0 0.5 1 15 2.0
y; || 0.5000 1.2500 2.2500 3.3750 4.4375

b) Metéda Rungeho-Kutta 4. rddu je podobne uréend vztahmi

kl - F(tiayi)a
h h
ky = F(ti+2,yi+2'k1>a
h h
k = F t; 5 Y -k ’
3 ( +2 y+2 2)
k:4 = F(tz+h7yL+hk3)7
1
Yi+1 = y¢+6~h~(k1+2k2+2k3+k4),

vysledky zapiseme do tabulky

t 0 1 2 3 4

t; || 0.0000 0.5 1 1.5 2.0000
kq || 1.5000 2.1751 2.6396 2.7568

ko || 1.8125 2.4064 2.7370 2.6335

ks || 1.8906 2.4642 2.7614 2.6027

kg || 21953  2.6572 2.7703 2.3082

y; || 0.5000 1.4251 2.6396 4.0068 5.3016

10
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Priklad 8 Metddou Rungeho-Kutta 4. rddu riesme
y'+y-y + 3y =sint,
s pociatotnymi podmienkamsi
y(0) = -1
y ) =1,

s krokom h = 0.2 na intervale [0, 20].
Dif. rovnicu druhého rdadu si transformujeme na sistavu dvoch dif. rovnic
prvého rdadu pomocou substiticie

up =y, ug =y
To znamend, Ze rie§ime siustavu
wy = F(zi,,,y2,) = us,
uy, = G(xi,y1,,Y2,) = —u1 - ug — 3uy + sint,
s pociatotnymi podmienkamsi

U1 (O) -1
UQ(O) = 1.

)

Tito riesime metddou Rungeho-Kutta 4. rddu, t. j.

ki = F(x;,u1,,us,),
ll = G (x'ia u1i7u2i) 5
h h
ko = F (ti + 50l + 2k1,u2i + 2l1> )
h h
lg = G(ti+2,u1i+ 2]61,’&27;4-211),
h h
]{73 = F (tz + §,u1i =+ 2]{)2,’&21. —+ 212) R
h h h
ls = G (ti +5oun §k2,uzi + 212> ’
ky = F(t,; + h,uli + hkg,’UQi + hlg),
ly = G(ti—‘rh,uli—i-hk?,,UQi—Fhlg),
1
u1i+l = uli —+ éh . (kl —+ 2k2 + 2]{33 —+ ]{54),
1
Ug,,, = Uz, + éh (11 + 2l + 215 + l4) .

11
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Vysledok vidime na obrdzku

3 T T T

25} .

1.5 E

05F

:0.2:20;
(t,u) [u(2);-u(l).*u(2)-3.*u(1)+sin(t)];
-1; 115
.2;

H

1:100
F(t(i),u(:,i));
k2 = F(£(i)+0.5%h,u(:,1)+0.5%h.*k1);
k3 = F(t(i)+0.5%h,u(:,i)+0.5%h.*k2);
k4 = F(t(i)+h,u(:,i)+h.*k3);
u(:,i+1) = u(:,i) + h.*x(k1+2.%k2+2.*k3+k4)./6;
end
figure
plot(t,u(l,:),’g’,t,u(2,:),’b?)

t 0
F Q
u-=[
h 0

i

Priklad 9 Riesme Cauchyho pociatotni ilohu uréent diferencidlnou rovnicou

s pociatotnou podmienkou

pre 5 krokov na intervale [2,€]:

12
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a) Eulerovou metddou (metéda Rungeho-Kutta 1. rddu),
b) metddou Rungeho-Kutta 4. rddu.

a) Eulerova metdda na riefenie ODE md tvar

y; Iny;
Yir1 =yi +h-F(zi,y) = yi +h- =—,
K3
pre zadany pocet krokov a interval [2, €] uréime siet uzlovych bodov a ziskané

vysledky zapiseme do tabulky

i ||o 1 2 3 4 5
z; | 2.0000 2.1437 2.2873 24310 2.5746 2.7183
yi || 2.7183 29135 3.1223 3.3456 3.5844 3.8397

b) Metdéda Rungeho-Kutta 4. rddu je podobne uréend vztahmi

kl = F(xmyz)7
h h
ke = F(zi+2,yi+2-/€1>,
h h
ks = F(mi+2,yi+2'k2>,
k4 = F(xz+h7yz+hk3)7
1
Yit1 = yi+6'h'(k}1+2k2+2k’3+k‘4)7
vysledky zapiseme do tabulky
i 0 1 2 3 4 5

z; || 2.0000 2.1437 2.2873 24310 2.5746 2.7183
ki || 1.3591 1.4604 1.5691 1.6860 1.8115
ko || 1.4071 1.5119 1.6246 1.7456 1.8757
ks || 1.4105 1.5155 1.6283 1.7495 1.8797
ks || 1.4605 1.5693 1.6862 1.8117 1.9466
yi || 2.7183 2.9207 3.1382 3.3719 3.6230 3.8928

Priklad 10 Metddou Rungeho-Kutta 1. radu riesme na intervale [0, 1] s krokom
h = 0.1 dif. rovnicu

y' + 4y +5y = 10,
y(0) = 1,
y'(0) = 2.
Preznacenim
ur =Y,
U2 = yl7

13
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transformujeme zadani dif. rovnicu druhého rddu na siustavu dif. rovnic prvého
radu

up = F(tyy)=F(u,u) = us,

uy = y' =Gty y) =G (tu,uy) = —4us — 5uy + 10e’,
u1(0) = 1
uz(0) = 2.

Tito sustavu riesime metddou Rungeho-Kutta 4. rddu, t. j.

kl = F(ZEi,Uli,Ugi) 3

h = G(xi?uli?UQi)7

h h h
ke = F(t +gout 27617102 +211>
h h h
12 = G(tz+2 1 +2k1,’LL2 +2l>
h h h
ks = F (tz +gou t 27627102 + 212>
h h h
lg = G(ti+2 +2k2,’LL2 +2l>
ky, = F (ti + h,uli + hkg,’dzi + hlg) R
s = G (ti + h, uy; + hks, Uz, + hlg) R
1
U, = U+ éh (k1 + 2ko + 2k3 + ka)
1
Ug,,, = U2, + éh . (ll + 205 + 203 + l4) .

Rieseniim je vektor y = uy, ktory wvddzame v tabulke

i |o 1 2 3 4 5 6 7 8 9 10
t; || 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
1.0000 1.1869 1.3546 1.5120 1.6668 1.8251 1.9922 2.1726 2.3703 2.5891 2.8321
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